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LONGTIME EXISTENCE OF THE KA¨HLER-RICCI
FLOW ON Cn
ALBERT CHAU1, KA-FAI LI, AND LUEN-FAI TAM2
Abstract. We produce longtime solutions to the Ka¨hler-Ricci
flow for complete Ka¨hler metrics on Cn without assuming the ini-
tial metric has bounded curvature, thus extending results in [3].
We prove the existence of a longtime bounded curvature solution
emerging from any complete U(n)-invariant Ka¨hler metric with
non-negative holomorphic bisectional curvature, and that the so-
lution converges as t→∞ to the standard Euclidean metric after
rescaling. We also prove longtime existence results for more general
Ka¨hler metrics on Cn which are not necessarily U(n)-invariant.
Keywords: Ka¨hler-Ricci flow, U(n)-invariant Ka¨hler metrics
1. Introduction
The Ka¨hler Ricci flow is the following evolution equation for an initial
Ka¨hler metric g0 on a complex manifold M :
(1.1)
{
∂gi¯
∂t
= −Ri¯
g(0) = g0.
In this paper we establish longtime existence results for (1.1) in the
case M = Cn. For simplicity we will always assume g0 to be smooth,
although our results will only require g0 to be Ka¨hler and in some
cases, also twice differentiable while satisfying some conditions. We are
particularly interested in complete Ka¨hler metrics with non-negative
bisectional curvature.
One of our main results is (see Definition 1.1 below):
Theorem 1.1. Let g0 be a complete U(n)-invariant Ka¨hler metric on
Cn with non-negative bisectional curvature. Then
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(i) the Ka¨hler-Ricci flow (1.1) has a smooth longtime U(n)-invariant
solution g(t) which is equivalent to g0 and has bounded non-
negative bisectional curvature;
(ii) g(t) converges, after rescaling at the origin, to the standard Eu-
clidean metric on Cn;
(iii) g(t) is unique in the class S(g0).
See Corollary 3.1, Theorem 4.1, Theorem 2.1 for details. Here and
throughout the rest of the paper, we use the following notation in
reference to a solution g(t) to (1.1) on M × [0, T ):
Definition 1.1. • We say the solution is smooth if g(t) ∈ C∞(M ×
(0, T )
⋂
C0(M × [0, T )).
• We call the solution a longtime solution if T =∞.
• We say the solution is complete if g(t) is complete for each t ∈
(0, T ).
• We say that the solution is equivalent to g0 if for all 0 ≤ T1 ≤ t ≤
T2 < T we have c
−1g0 ≤ g(t) ≤ cg0 for some c > 0.
• We say the solution has non-negative bisectional curvature if g(t)
has non-negative bisectional curvature for all t ∈ [0, T ), and the so-
lution has bounded curvature if the curvature of g(t) is uniformly
bounded on M × [T1, T2] for all 0 < T1 ≤ T2 < T .
• We say that a longtime solution converges to g˜ after rescaling at
p ∈M if for some V ∈ TpM the metrics 1|V |2t g(t) converge to g˜ smoothly
and uniformly on compact subsets of M where |V |2t = g(t)(V, V ).
• S(g0) denotes the set of solutions of the Ka¨hler-Ricci flow with
initial data which is uniformly equivalent to g0.
We want to remark that using the result of Cabezas-Rivas and Wilk-
ing [6], Yang and Zheng [24] has produced a short time existence of the
Ka¨hler-Ricci flow for U(n) invariant initial data g0 with nonnegative
sectional curvature. See also [11]. However, it is unclear if the solution
is uniformly equivalent to g0. Hence it is unclear if the solution is the
same as the one constructed in the above Theorem.
The short time existence of g(t) in the above Theorem was proved by
Chau-Li-Tam in [3], while the fact that the solution has non-negative
bisectional curvature was proved by Yang-Zheng in [24]. The exis-
tence of complete U(n)-invariant Ka¨hler metrics with unbounded non-
negative bisectional curvature was shown in [22] and thus, in the U(n)-
invariant case, our results extend the longtime existence results of Shi
[16]. These results are all motivated by Yau’s uniformization conjec-
ture stating that: if g0 is a complete non-compact Ka¨hler manifold with
positive holomorphic bisectional curvature then M = Cn and we refer
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to [4], and the references therein, for a survey of Yau’s conjecture and
the Ka¨hler-Ricci flow .
In the case of non-negative bisectional curvature, the volume growth
of g0 is of particular importance in the proofs above. Let V (r) be the
volume of the geodesic r ball around the origin relative to g0 having
non-negative bisectional curvature. It was shown by Chen-Zhu [8] that
1
c
rn ≤ V (r) ≤ cr2n
for some constant c. Following the notation in [22], we say (Cn, g0)
is a conoid if lim supr→∞ V (r)/r
2n is positive, and that it is a cigar if
lim supr→∞ V (r)/r
n < ∞. The case when g0 is a cigar is rather spe-
cial, and our arguments rely heavily on the non-negativity of bisectional
curvature. When g0 is not a cigar, we may generalize the above theo-
rem to more general Ka¨hler metrics which may not have nonnegative
bisectional curvature, and may not even be U(n)-invariant.
Theorem 1.2. Let g0 be Ka¨hler metric equivalent to a U(n)-invariant
Ka¨hler metric which has non-negative bisectional curvature and is not
a cigar. Suppose g0 is either U(n)-invariant, or else has bounded curva-
ture. Then the Ka¨hler-Ricci flow (1.1) has a unique smooth longtime
solution g(t) which is equivalent to g0, has bounded curvature and is
U(n)-invariant provided g0 is U(n)-invariant. The solution is unique
in the class S(g0).
We refer to Theorems 3.1 and 3.2 for details where this and more
general results are proved.
We point out that when n = 1, there always exists a longtime solu-
tion to (1.1) by the results of Giesen-Topping [10]. In fact, it is shown
there that given any non-compact Riemann surface (M, g0), the Ka¨hler
Ricci flow (1.1) admits a smooth complete longtime solution g(t) with
unbounded curvature for all t > 0. Shorttime and longtime existence
results for the Ricci flow starting from complete non-compact Riemann-
ian manifolds (M, g0) with unbounded curvature have appeared in the
works [6, 10, 12, 18, 19]. We also point out that in [6] examples of
immortal solutions g(t) (defined for all t ∈ R) were constructed in [6].
We refer to [21] for a survey of related results.
The outline of the paper is as follows. In §2 we establish a unique-
ness result for (1.1) on general Ka¨hler manifolds. In section §3 we
prove our main longtime existence results on Cn (Theorems 3.1 and
3.2) including our longtime existence result for U(n)-invariant Ka¨hler
metrics with non-negative bisectional curvature (Corollary 3.1). In §4
we prove our convergence result for longtime U(n)-invariant solutions
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with non-negative bisectional curvature (Proposition 4.1). In the ap-
pendix, we collect some basic facts of U(n)-invariant Ka¨hler metrics on
C
n for easy reference.
2. Uniqueness
Our first result is on the uniqueness of solutions to the Ka¨hler-Ricci
flow (1.1). It is well-known that the Ricci flow on complete noncompact
Riemannian manifold is unique under the assumption that the curva-
ture is bounded, see [7]. For the Ka¨hler-Ricci flow, it is more easy to
obtain uniqueness. The following is a generalization of the result in [9].
Here we do not assumption the curvature is bounded, and we do not
assume that the Ricci form has a potential, which is assumed in [9].
Theorem 2.1. Let (Mn, ĝ) be a complete noncompact Ka¨hler mani-
fold. Suppose there is an exhaustion function ζ > 0 on (Mn, ĝ) with
limx→∞ ζ(x) =∞ such that |∂∂¯ζ |ĝ and |∇̂ζ |ĝ are bounded.
Let g1(x, t) and g2(x, t) be two solutions of the Ka¨hler-Ricci flow (1.1)
on M × [0, T ] with the same initial data g0(x) = g1(x, 0) = g2(x, 0).
Suppose there is a positive function σ with limx→∞ log σ(x)/ log ζ(x) =
0 such that the following conditions hold for all (x, t) ∈M × [0, T ]:
(i)
(2.1) ĝ(x) ≤ ζ(x)g1(x, t); ĝ(x) ≤ ζ(x)g2(x, t),
(ii)
−σ(x) ≤ det((g1)i¯(x, t))
det((g2)i¯(x, t))
≤ σ(x).
Then g1 ≡ g2 on M × [0, T ]. In particular, if g1 and g2 are uniformly
equivalent to ĝ on M × [0, T ], then g1 ≡ g2.
Proof. By adding a positive constant to ζ we may assume that η :=
log ζ > 1. Then
ηi¯ =
ζi¯
ζ
− ζiζj¯
ζ2
.
Since |∂∂¯η|ĝ and |∇̂η|ĝ are uniformly bounded, there is c1 > 0 such
that
|∂∂¯η|ĝ ≤ c1
ζ
on M . Let h(s, t)(x) = sg1(x, t) + (1 − s)g2(x, t), 0 ≤ s ≤ 1. By (i),
ĝ(x) ≤ ζ(x)h(s, t)(x, t) for all (x, t) ∈M× [0, T ] and for all s. Let (x, t)
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be fixed and diagonalize ∂∂¯η with respect to ĝ at x. Then |ηi¯i| ≤ c1ζ .
On the other hand,
(2.2) ∆h(s,t)η = (h(s, t))
i¯ηi¯ = (h(s, t))
i¯iηi¯i ≤ nζ ·
c1
ζ
= nc1.
Let
w(x, t) =
∫ t
0
(
log
det((g1)i¯(x, s))
det((g2)i¯(x, s))
)
ds.
Then
wi¯(x, t) =
∫ t
0
((R1)i¯(x, s)− (R2)i¯(x, s)) ds = −(g1)i¯(x, t) + (g2)i¯(x, t)
where (Rk)i¯ is the Ricci tensor of gk, k = 1, 2. Here we have used the
Ka¨hler-Ricci flow and the fact that g1 = g2 at t = 0. Hence in order to
prove the proposition, it is sufficient to prove that w ≡ 0. Now
∂
∂t
w(x, t) =
∫ 1
0
∂
∂s
log det(hi¯(s, t)(x)))ds
=
∫ 1
0
∆h(t,s)w(x, t)ds.
(2.3)
Let W (x, t) = eAtη where A = nc1 + 1. By (2.2),
∂
∂t
W (x, t)−
∫ 1
0
∆h(t,s)W (x, t)ds ≥eAt(Aη − nc1)
≥eAtη
where we have used the fact that η > 1. For any ǫ > 0,
∂
∂t
(ǫW − w) (x, t)−
∫ 1
0
∆h(t,s) (ǫW − w) (x, t)ds ≥eAtη
By (ii), limx→∞(ǫW − w)(x, t) = ∞ uniformly in t. By the maximum
principle, we conclude that w ≤ ǫW . Letting ǫ → 0 gives w ≤ 0.
Similarly, one can prove that −w ≤ 0 and hence w ≡ 0 on M × [0, T ].
This completes the proof of the proposition. 
Remark 2.1. (i) Suppose ĝ has bounded curvature, then ζ exists
by [16], see also [20].
(ii) Suppose ĝ has nonnegative Ricci curvature and nonnegative
quadratic bisectional curvature, then ζ exists by [14].
(iii) In particular, the solution constructed in Theorem 4.2 in [3]
does not depend on the subsequence chosen.
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3. Long time existence
In this section, we discuss the longtime existence of solutions to
Ka¨hler-Ricci flow (1.1) starting from U(n)-invariant Ka¨hler metrics
on Cn. We will make extensive use of the notation and results in
Theorem A.1 (see appendix) on U(n)-invariant Ka¨hler metrics g and
their associated auxiliary functions ξ, h, f , and we refer there for details.
We also recall the notation in definition 1.1.
Suppose g is a complete U(n)-invariant Ka¨hler metric on Cn with
nonnegative bisectional curvature. Then the scalar curvature R satis-
fies [22]:
1
Vg(x, ρ)
∫
Bg(x,ρ)
R ≤ c(x)
1 + ρ
for all ρ > 0 for some constant c(x) which may depend on x. Note
that if we can choose c(x) = c which is independent of x and the
curvature of g is bounded, then it is well known [16] (see also [13]) that
the Ka¨hler-Ricci flow has a longtime solution starting from g. In our
main result below, Theorem 3.1, we do not assume that the curvature
of g is bounded, and c(x) may in general depend on x. In fact, we
will prove longtime existence of the flow under more general conditions
than nonnegative bisectional curvature (see (c1), (c2), (c3) below).
In order to obtain long time existence, we make use the following basic
lemma from [3, Corollary 4.2], see also the proof of [3, Theorem 4.2].
Lemma 3.1. Let Mn be a complex noncompact manifold and let g0,
ĝ be complete Ka¨hler metrics with bounded curvature on M . Suppose
the holomorphic bisectional curvature of ĝ is bounded above by K and
that (1/ǫ)ĝ ≤ g0 ≤ Cĝ for some C ≥ 1. Let T = 1/2nKǫ if K > 0,
otherwise let T = ∞. Then the Ka¨hler-Ricci flow (1.1) with g0 as
initial data has a smooth solution g(t) on M× [0, T ) which has bounded
curvature and satisfies
(3.1)
(
1
n
− 2ǫKt
)
ĝ ≤ g(t) ≤ B(t)ĝ
for all t ∈ [0, T ) for some positive continuous function B(t) on [0, T ).
For a given Ka¨hler metric g and constant ǫ > 0, it is very difficult in
general to construct a metric ĝ satisfying the conditions in Lemma 3.1
such that K is independent of ǫ. When g is a U(n)-invariant metric
generated by ξ (see Appendix), we show this is possible when (c1) or
(c2) below holds (see Proposition 3.1), though may not be possible
when (c3) below holds (see Proposition 3.2).
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(c1): There exist 0 ≤ α ≤ β < 1 and γ such that for all 0 < a < r∫ r
a
α− ξ
s
ds,
∫ r
a
ξ − β
s
ds ≤ γ.
(c2): limr→∞ ξ(r) = 1,
∫∞
1
1−ξ(s)
s
ds = ∞ and there exists δ > 0
such that for all 0 < a < r∫ r
a
1− ξ
s
ds ≥ −δ.
(c3): limr→∞ ξ(r) = 1, and
∫∞
1
1−ξ(s)
s
ds <∞.
In [3, Theorem 5.4] it was proved that if ξ satisfies (c1) with β ≤ 1,
then the Ka¨hler-Ricci flow has short time existence with initial metric g.
It was also proved in [3] that if the bisectional curvature is nonpositive,
then we have long time solutions. In case the bisectional curvature of g
is nonnegative, then it satisfies either (c1) with α = 0 and β = ξ(∞),
(c2) or (c3) by Theorem A.1 (c), where (c3) is the case of a cigar and
(c1) is the case of a conoid. So the conditions are weaker than the
assumption that the bisectional curvature is nonnegative.
The main result of this section is:
Theorem 3.1. Let g0 be a complete Ka¨hler metric on C
n satisfying
one of the following:
(i) g0 is U(n)-invariant satisfying (c1) or (c2),
(ii) g0 has bounded curvature and is equivalent to a U(n)-invariant
metric satisfying (c1) or (c2), or
(iii) g0 is U(n)-invariant satisfying (c3), and has non-negative bi-
sectional curvature.
Then the Ka¨hler-Ricci flow (1.1) with g0 as initial data has a smooth
longtime solution g(t) which is equivalent to g0, has bounded curvature
and is U(n)-invariant provided g0 is U(n)-invariant. Moreover g(t) is
unique in the class S(g0).
In particular, we get the following
Corollary 3.1. Let g0 be a complete U(n)-invariant Ka¨hler metric
on Cn with nonnegative bisectional curvature. Then the Ka¨hler-Ricci
flow (1.1) with g0 as initial data has a smooth longtime U(n)-invariant
solution g(t) which is equivalent to g0 and has bounded non-negative
bisectional curvature. Moreover g(t) is unique in the class S(g0).
In order to prove parts (i) and (ii) of the theorem, we need the
following:
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Proposition 3.1. Let g be a smooth U(n)-invariant metric with bounded
curvature generated by ξ satisfying (c1) or (c2). Then given any ǫ > 0
there exists g˜ satisfying
(a) The curvature of g˜ is bounded by a constant independent of ǫ.
(b) (1/ǫ)g˜ ≤ g ≤ Cg˜ for some constant C.
Remark 3.1. Suppose g has non-negative bisectional curvature, decay-
ing on average like dist(p, ·)−(1+a), uniformly around all points on Cn
for some a > 0. Then the Proposition also follows from estimates for
the Ka¨hler-Ricci flow in [16] and [13].
Proof of Proposition 3.1. Suppose ξ satisfies (c1). For each k ≥ 1,
consider the linear automorphism of Cn given by φk(z) = z/
√
k and
consider the U(n)-invariant Ka¨hler metric gk := φ
∗
kg on C
n. Consider
the functions hk(r), ξk(r) and h(r), ξ(r) etc corresponding to gk and g.
Then for each k ≥ 1 we have
(1) hk(r) = (1/k)h(r/k)
(2) ξk(r) = ξ(r/k)
(3) The curvature of gk is bounded by a constant independent of k
because gk is isometric to g0.
Now
(3.2)
hk(r)
h(r)
=
1
k
h( r
k
)
h(r)
=
1
k
exp(
∫ r
r
k
ξ(s)
s
ds)
and thus by (c1) we have
(3.3) e−γk(α−1) ≤ hk(r)
h(r)
≤ eγk(β−1).
By Remark A.2, for any k ≥ 1 we have
(3.4) e−γk(1−β)gk ≤ g ≤ eγk(1−α)gk.
Thus the Proposition follows in this case by the fact that β < 1.
Suppose ξ satisfies (c2). Let ǫ > 0 be given. Let ĝ be any U(n)-
invariant non-negative bisectional curvature metric with ĥ(0) = 1 and
generated by some ξ̂ with ξ̂(r) = 1 for r ≥ 1. Let the curvature of ĝ
be bounded by K̂. For each k ≥ 1 define the pullbacks ĝk := φ∗k(ĝ) as
before. Let ĥk(r), ξ̂k(r) and ĥ(r) etc corresponding to ĝk and ĝ. Then
properties (1) and (2) (3) above still hold, but with h, ξ, hk, ξk replaced
with ĥ, ξ̂, ĥk, ξ̂k.
STEP 1: First note that by (3.2) (applied to hˆ(r)) and the fact that
ξˆ ≤ 1, we see that hk(r) is non-increasing in k for all r. Now fix ǫ > 0,
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by (c2) there is r0 > 0 such that if r ≥ r0, then for k ≥ 1
h(r) =ĥ(r)
h(r)
ĥ(r)
≥ĥk(r) exp
(∫ r
0
ξ̂(s)− ξ(s)
s
ds
)
≥1
ǫ
ĥk(r)
where we have used the fact that ξ̂(r) = 1 for r ≥ 1. On the other
hand, by (3.2) one can see this is true for r ≤ r0 if k is large enough
depending on r0. Hence by Remark A.2 we can find k > 1 depending
on ǫ such that,
1
ǫ
gk ≤ g
on Cn.
STEP 2: Define
ξ˜k(r) := ξk(r) + ok(r)
where ok(r) : [0,∞) → R is a non-positive smooth function, to be
chosen. where ok : [0,∞) → R is a smooth function with |ok| ≤ 1k , to
be chosen. Let h˜k(0) = 1/k and consider the corresponding metric g˜k.
Claim 1: There exists a constant Rk > k and a smooth function
ok(r) which is 0 on [0, Rk] and satisfies:
|o′k(r)| ≤
4
kr
and
(3.5) |
∫ r
Rk
ξ˜k(s)− ξ(s)
s
ds| =
∣∣∣∣∫ r
Rk
1 + ok(s)− ξ(s)
s
ds
∣∣∣∣ ≤ 1 + 2 log 2
for r ≥ Rk.
We may choose Rk > k such that 1 − 1/k ≤ ξ(r) ≤ 1 + 1/k on
[Rk,∞). The construction of ok(r) follows from the construction in the
proof of Proposition 5.1 [3]. We provide details here for the convenience
of the reader. We first choose a smooth non-increasing function ρ(r) :
[0,∞) → R with ρ = 0 on [0, 1], ρ = 1/k on [2,∞) and 0 ≤ ρ′ ≤ 2/k.
Let
I(r) :=
∫ r
2Rk
1 + ok(r)− ξ(s)
s
ds.
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(note that ξ˜k(r) = 1 + ok(r) for r ≥ Rk). For any positive sequence
{ri} such that r0 := Rk and 2ri < ri+1, define ok(r) := 0 if r ∈ [0, r0),
ok(r) := ρ(r/r0) if r ∈ [r0, 2r0), and
(3.6) ok(r) :

= 1/k if r ∈ [2r0, r1]
= 1/k − 2ρ(r/r1) if r ∈ [r1, 2r1]
= −1/k if r ∈ [2r1, r2]
= −1/k + 2ρ(r/r2) if r ∈ [r2, 2r2]
= 1/k if r ∈ [2r2, r3]
= 1/k − 2ρ(r/r3) if r ∈ [r3, 2r3]
...
Now for r ∈ [2r0,∞) we have 1 − 1/k ≤ ξ(r) ≤ 1 + 1/k, and as long
as k ≥ 2 we have |1 + ok(r)− ξ(r)| ≤ 1 as well. The definition of I(r)
then gives the following for all i ≥ 0
I(r) = I(2ri) +
∫ r
2ri
(1 + (−1)i/k)− ξ(s)
s
ds
for r ∈ [2ri, ri+1),
I(ri+1)− log 2 ≤ I(r) ≤ I(ri+1) + log 2
for r ∈ [ri+1, 2ri+1).
By the fact ξ(r) → 1, we may choose the ri’s to be the smallest
numbers with I(r1) = 1, I(r2) = −1, I(r3) = 1,..etc, and the estimates
above give
(3.7) − 1− log 2 ≤ I(r) ≤ 1 + log 2
for all r ∈ [2Rk,∞). The integral bound in the claim follows from (2.7)
and the fact that |1 + ok(r)− ξ(r)| ≤ 1 for r ∈ [Rk, 2Rk].
Finally, we also have |o′k(r)| = 2riρ′( rri ) ≤ 4kri ≤ 4kr for all r ∈ [ri, 2ri].
Claim 2: Let ok(r) be as in Claim 1. Then (1/4eǫ)g˜k ≤ g ≤ Ckg˜k for
some Ck and the curvature of g˜k is bounded depending only on ĝ.
To prove the first part of the claim, when r ≤ Rk we have g˜k(r) =
gk(r), and so we only have to consider when r ≥ Rk. In this case, we
have Ck ≥ h(r)/h˜k(r) = (h(Rk)/h˜k(Rk))e
∫ r
Rk
1+ok(s)−ξ(s)
s
ds ≥ 1
2eǫ
for some
Ck where we have used Step 1 and Claim 1.
To prove the second part of the claim, note that for r ≥ Rk we have
|ξ˜′k(r)| = |o′k(r)| ≤ 4/kr and
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h˜k(r) = h˜k(1) exp
(
−
∫ r
1
ξ˜k(s)
s
ds
)
= h˜k(1) exp
(
−
∫ Rk
1
ξ˜k(s)
s
ds−
∫ r
Rk
ξ˜k(s)
s
ds
)
≥ h˜k(1) 1
Rk
exp
(
−
∫ r
Rk
(
ξ˜k(s)− ξ(s)
s
+
ξ(s)− 1
s
+
1
s
)
ds
)
≥ h˜k(1) 1
Rk
Rk
4e1+δr
= hk(1)
1
4e1+δr
≥ ĥ(1)
k
1
4e1+δr
(3.8)
where in the third line we have used that 0 ≤ ξ˜k ≤ 1 by definition, and
in the fourth line we have used Claim 1 and (c2). so that
∫ r
Rk
1−ξ(s)
s
ds ≥
−δ.
Thus |ξ˜′k(r)/h˜k(r)| ≤ 16e1+δ/ĥ(1) for r ≥ Rk. Since g˜k(r) = gk(r)
for r ≤ Rk, by (3) we conclude that the curvature of g˜k is bounded by
a constant independent of k by [3, Lemma 5.1(i)].

Proposition 3.1 includes the case when g has non-negative bisectional
curvature and is not a cigar. In this case ξ(r)→ β < 1 as r →∞ (see
[22]) where ξ generates g (see Appendix). When g is not a cigar, then
the proposition is false in general. In particular, we have
Proposition 3.2. Let g be a smooth U(n)-invariant metric generated
by ξ satisfying ∫ r
1
1− ξ
s
ds ≤ c
for some c for all r ≥ 1. There exists a constant c1 > 0 depending
only on g such that if g˜ is another U(n)-invariant Ka¨hler metric with
bisectional curvature bounded above by 1 such that g ≥ αg˜ for some
α > 0, then α ≤ c1.
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Proof. Indeed, let g be an U(n)-invariant complete Ka¨hler metric gen-
erated by ξ normalized by h(0) = 1 such that
(3.9)
∫ r
1
1− ξ
s
ds ≤ c
for some c for all r ≥ 1. We may assume 0 ≤ ξ ≤ 1 and ξ = 1 for
r ≥ 1, for if ĝ is some metric generated by ξ̂ with 0 ≤ ξ̂ ≤ 1 and ξ̂ = 1
for r ≥ 1 and ĥ(0) = 1, then ĝ ≥ c′g for some c′ > 0 by (3.9).
Let g˜ be another U(n)-invariant Ka¨hler metric such that g ≥ αg˜ for
some α > 0 with bisectional curvature bounded above by 1. Assume g˜
is generated by ξ˜. Then
(3.10) lim sup
r→∞
ξ˜ ≥ 1.
Otherwise, by (3.9), we would have
h(r)
h˜(r)
=
h(0)
h˜(0)
exp(
∫ r
0
ξ˜ − ξ
s
ds)→ 0
as r →∞.
Let 0 < ǫ < 1. By (3.10) and the fact that ξ˜(0) = 0, there is
r1 > 0 such that ξ˜(r1) = 1 − ǫ. By the fact that ξ˜(0) = 0, we can find
0 ≤ r0 < r1 such that ξ˜ > 0 on (r0, r1] and ξ˜(r0) = 0. It is easy to see
that h˜(r) ≤ h˜(r0) for r ∈ [r0, r1]. Since the bisectional curvature of g˜
is bounded above by 1,
ξ˜′(r) ≤ h˜(r) ≤ h˜(r0)
for all r ∈ [r0, r1]. Hence ξ˜(r) ≤ h˜(r0)(r − r0) for all r ∈ [r0, r1]. In
particular, 1−ǫ = ξ˜(r1) ≤ h˜(r0)(r1−r0) and so r2 = r0+(1−ǫ)/h˜(r0) ≤
r1.
h(r2) ≥αh˜(r2)
=αh˜(r0) exp(−
∫ r2
r0
ξ˜
s
ds)
≥αh˜(r0) exp(−
∫ r1
r0
h˜(r0)ds)
≥αh˜(r0) exp
(
h˜(r0)(r1 − r0)
)
≥αh˜(r0) exp(−(1 − ǫ))
(3.11)
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On the other hand, by the definition of r2 we have h˜(r0)r2 ≥ (1 − ǫ)
and thus
h(r2) = h(1) exp(−
∫ r2
1
ξ
s
ds) =
h(1)
r2
≤ h˜(r0)h(1)
1− ǫ .
By (3.11), we conclude that
h˜(r0)h(1)
1− ǫ ≥ αh˜(r0) exp(−(1 − ǫ)).
Since ǫ is arbitrary, α ≤ h(1).

Proof of Theorem 3.1 (i) and (ii). First of all, uniqueness in each case
(i), (ii) and (iii) follows from Theorem 2.1. Indeed, let g1(t), g2(t) be
two solutions as in the Theorem. Then using the bounded curvature
metric ĝ = g1(1) in Theorem 2.1, and noting the solutions g1(t), g2(t)
are both equivalent to g0 and hence also ĝ, we conclude by Theorem
2.1 that g1(t) = g2(t) for all t.
Now consider case (i). Suppose ξ satisfies (c1) or (c2). By [3,
Theorems 5.4, 4.2] there exists a smooth U(n)-invariant solution g(t) to
Ka¨hler-Ricci flow on Cn×[0, T ] for some T > 0 such that g(0) = g0, the
curvature of g(t) is uniformly bounded by c/t and c−1g(t) ≤ g0 ≤ cg(t)
for some c > 0 for all t ∈ (0, T ]. Fixed 0 < t0 < T . By Proposition
3.1 and the fact that g(t0) is uniformly equivalent to g0, for any ǫ > 0,
there is a complete U(n)-invariant metric ĝǫ with curvature bounded
by K with K being independent of ǫ such that
1
ǫ
ĝǫ ≤ g(t0) ≤ c(ǫ)ĝǫ
for some constant c(ǫ) which may depend on ǫ. By Lemma 3.1 and
Theorem 2.1, the Ka¨hler-Ricci flow g(t) can be extended to [0, Tǫ),
where Tǫ =
1
2nKǫ
, such that g(t) is uniformly equivalent to g0 for all
t ∈ [0, T ′) for any T ′ < Tǫ and has uniformly bounded curvature on
(δ, T ′) for all 0 < δ < T ′ < Tǫ. Let ǫ → 0, one may conclude the
theorem is true.
Now consider case (ii). Here we also have a short time solution g(t)
on Cn × [0, T ] as in case (i) by [16]. By the equivalence condition in
(ii), it is easy to see that we can apply the exact same argument as
above to conclude the Theorem is true in this case as well.

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Remark 3.2. It is easy to see that if ξ satisfies:
−c ≤
∫ r
1
ξ(s)− a
s
ds ≤ c
for some c > 0 and 0 < a < 1 for all r ≥ 1, then ξ satisfies (c1). This
generalizes [3, Theorem 5.5] in case a < 1.
If ξ satisfies (c3) in Theorem 3.1, then the previous argument does
not work in light of Proposition 3.2. However, if g0 also has nonnegative
bisectional curvature (and is thus a cigar) we may use other methods.
Before we prove the theorem in this case we need a more general form
of [13, Theorem 2.1], which will also be used later.
Lemma 3.2. Let (Mn, g(t)) be complete noncompact solution of the
Ka¨hler-Ricci flow (1.1) on M × [0, T ) with bounded nonnegative bisec-
tional curvature. Let
F (x, t) = log
(
det(gi¯(x, t))
det(gi¯(x, 0))
)
and for any ρ > 0, let m(ρ, x, t) = infy∈B0(x,ρ) F (y, t). Then there is
c > 0 depending only on n such that for any x0 ∈M and for all ρ, t > 0
−F (x0, t) ≤c
[(
1 +
t(1−m(ρ, x0, t))
ρ2
)∫ 2ρ
0
sk(x0, s)ds
− tm(ρ, x0, t))(1−m(ρ, x0, t))
ρ2
](3.12)
where B0(x, ρ) is the geodesic ball with respect to g0 = g(0), and k(x, s)
is the average of the scalar curvature R0 of g0 over B0(x, s).
Proof. By [13, (2.6)], if Gρ is the positive Green’s function on B0(x0, ρ)
with Dirichlet boundary value, then
∫
B0(x0,ρ)
Gρ(x0, y)
(
1− eF (y,t)) dv0
≤ t
∫
B0(x0,ρ)
Gρ(x0, y)R0(y)dv0 +
∫ t
0
∫
B0(x0,ρ)
Gρ(x0, y)∆0(−F (y, s))dv0ds
=: I + II.
(3.13)
As in [13, p.126],
(3.14) II ≤ −tm(ρ, x0, t).
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As in [13, (2.8)] there is a constant c1 depending only on n such that
ρ2
∫
B0(x0,
1
5
ρ)
(−F (y, t))dv0
≤ c1t(1−m(ρ, x0, t))
(∫
B0(x0,ρ)
Gρ(x0, y)R0(y)dv0 −m(ρ, x0, t)
)
.
Using the fact that ∆0(−F ) ≥ −R0 and [13, Lemma 2.1], we obtain
−F (x0, t) ≤∫
B0(x0,
1
5
ρ)
Gρ(x0, y)R0(y)dv0
+ c2ρ
−2t(1−m(ρ, x0, t))
(∫
B0(x0,ρ)
Gρ(x0, y)R0(y)dv0 −m(ρ, x0, t)
)
(3.15)
for some c2 depending only on n. As in [13, p.127], we get the result. 
We also need the following:
Lemma 3.3. Let g(t) be the complete U(n)-invariant solution of the
Ka¨hler-Ricci flow (1.1) with nonnegative bisectional curvature. Let
F (r, t) := F (z, t) = log
(
det(gi¯(z, t))
det(gi¯(z, 0))
)
where r = |z|2. Then for r ≥ 1 and for all t
F (r, t) ≥ −c− n log r + F (1, t)
for some constant c > 0 depending only on g(0). If in addition the
generating function ξ of g0 satisfies:
(3.16) lim
r→∞
∫ r
1
1− ξ(s)
s
ds = b <∞,
then for r ≥ 1 and for all t
F (r, t) ≥ −c+ nF (1, t)
for some constant c > 0 depending only on g(0).
Proof. Consider the functions ξ(r, t), h(r, t), f(r, t) corresponding g(r, t).
Then 0 ≤ ξ(r, t) ≤ 1 since g(r, t) has non-negative bisectional curva-
ture, and by Theorem A.1 we then get 0 ≤ h(r, t), f(r, t) ≤ 1. Thus
for r ≥ 1 we have
f(r, t) =
1
r
∫ r
0
h(s, t)ds ≥ 1
r
∫ 1
0
h(s, t)dt =
1
r
f(1, t).
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h(r, t) = h(1, t) exp
(∫ r
1
−ξ(s)
s
ds
)
≥ 1
r
h(1, t),
and using the formula det(gi¯(r, t)) = h(r, t)f
n−1(r, t) we then get
det(gi¯(r, t))
det(gi¯(r, 0))
≥ det(gi¯(r, t))
≥ 1
rn
h(1, t)fn−1(1, t)
=
1
rn
det(gi¯(1, t))
=
1
rn
det(gi¯(1, t))
det(gi¯(1, 0))
· det(gi¯(1, 0)).
From this, it is easy to see the first result follows. Now suppose the
generating function ξ of g0 also satisfies (3.16). Then for r ≥ 1,
h(r, t)
h(r, 0)
=
h(1, t) exp
(
− ∫ r
1
ξ(s,t)
s
ds
)
h(1, 0) exp
(
− ∫ r
1
ξ(s,0)
s
ds
)
≥h(1, t)
h(1, 0)
exp
(∫ r
1
ξ(s, 0)− 1
s
ds
)
≥c1 h(1, t)
h(1, 0)
for some constant c1 > 0 independent of r, t, provided r ≥ 1. Also for
r ≥ 1
f(r, t)
f(r, 0)
=
∫ r
0
h(s, t)ds∫ r
0
h(s, 0)ds
=
∫ 1
0
h(s, t)ds+
∫ r
1
h(s, t)ds∫ 1
0
h(s, 0)ds+
∫ r
1
h(s, 0)ds
≥
h(1, t) + c1
h(1,t)
h(1,0)
∫ r
1
h(s, 0)ds∫ 1
0
h(s, 0)ds+
∫ r
1
h(s, 0)ds
≥c2 h(1, t)
h(1, 0)
for some constant c2 > 0 independent of r, t, provided r ≥ 1.
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Hence for r ≥ 1, at the point |z|2 = r
det(gi¯(z, t))
det(gi¯(z, 0))
=
h(r, t)fn−1(r, t)
h(r, 0)fn−1(r, 0)
≥c3
(
h(1, t)
h(1, 0)
)n
≥c3
(
h(1, t)fn−1(1, t)
h(1, 0)fn−1(1, 0)
)n
=c3
(
det(gi¯(1, t))
det(gi¯(1, 0))
)n
for some c3 > 0, where we have used the fact that f(r, t) ≤ f(r, 0).
From this the second result follows. 
Proof of Theorem 3.1 (iii). Let g0 be generated by ξ normalized so that
h(0) = 1 and so that (c3) is satisfied. We may assume that ξ is not
identically zero, otherwise g0 would be the standard metric and the
theorem is obviously true.
By [3, Theoerm 5.4] and [24], the Ka¨hler-Ricci flow has a U(n)-
invariant complete solution g(t) on M × [0, T ) which is equivalent to
g0 and has bounded non-negative bisectional curvature. Hence we may
assume that g0 has bounded curvature. Let T be the maximal such
existence time.
Now, let m(t) = infz∈Cn F (z, t). By Lemma 3.3 and the fact F ≤ 0,
m(t) ≥ −c1 + n inf{z∈Cn| |z|2≤1}F (z, t)
for some c1 > 0 depending only on g0, and so Since F ≤ 0.
(3.17) −m(t) ≤ c1 − n inf{z∈Cn,|z|2≤1}F (z, t).
On the other hand by the proof of [22, Theorem 7], there is a constant
c2 > 0 such that for all r > 0
1
V0(0, ρ)
∫
B0(0,ρ)
R(0) ≤ c2
1 + ρ
where B0 is the geodesic ball on with respect to g(0), where R(0) is
the scalar curvature of g0. Hence by volume comparison, there is a
constant c3 > 0 such that
1
V0(z, ρ)
∫
B0(z,ρ)
R(0) ≤ c3
1 + ρ
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for all r > 0 and for all z with |z|2 ≤ 1. By Lemma 3.2, (3.17)
−m(t) ≤ c1 + nc4
[(
1 +
t(1−m(t))
ρ2
)
c5ρ− tm(t)(1−m(t))
ρ2
]
for some constants c4, c5 > 0 independent of t, ρ. Choose ρ
2 = 1
2nc1
t(1−
m(t)). Then one can conclude that for all 0 < t < T <∞
1
2
(1−m(t)) ≤ c6 + c7T 12 (1−m(t)) 12
for some constants c6, c7 > 0 independent of T . So (1−m(t)) and hence
−m(t) is uniformly bounded on [0, T ). Then one can proceed as in [16]
to conclude that the theorem is true. 
The following Theorem gives longtime existence under more general
conditions, only in this case we do not know if the curvature of g(t) is
necessarily bounded for each time.
Theorem 3.2. Let g0 be a complete U(n)-invariant Ka¨hler metric on
Cn generated by ξ. Suppose
(3.18) lim
r→∞
∫ r
1
1− ξ(s)
s
ds =∞.
Then the Ka¨hler-Ricci flow (1.1) with initial data g0 has smooth com-
plete long time U(n)-invariant solution g(t).
Proof. By (3.18) we may choose some increasing sequence rk →∞ such
that ξ(rk) < 1. For each k, let ξk be smooth such that ξk(r) = ξ(r) for
r ≤ rk − δk for some 0 < δk < 1 and ξk(r) = ξ(rk) for r ≥ rk such that
(3.19) exp
(∫ rk
rk−δk
∣∣∣∣ξ(s)− ξk(s)s
∣∣∣∣ ds) ≤ 2.
Let gk be the U(n)-invariant Ka¨hler metric associated to ξk and con-
sider also the corresponding functions hk, fk. Then gk has bounded
curvature. By Theorem 3.1 or by [3, Theorem 5.5], for each k the
Ka¨hler-Ricci flow has a longtime solution gk(t) on C
n × [0,∞) with
bounded curvature.
Now let ǫ > 0 be given and consider the sequence ĝi = φ
∗
i ĝ as in the
first part of the proof of Proposition 3.1. Then as in Step 1 there, we
may fix i0 sufficiently large so that
(3.20) ĝi0(r) ≤ ǫg(r)
for all r. In particular, for every k we have
(3.21) ĝi0(r) ≤ 2ǫgk(r)
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for r ≤ rk + δk by (3.19) and the fact that gk(r) = g(r) for r ≤ rk. On
the other hand, for some k0 we have ξ̂i0(r) = 1 for r ≥ rk0 and thus for
all k ≥ k0,
ĥi0(r)
hk(r)
=
ĥi0(rk + δ)
hk(rk + δ)
exp
(∫ r
rk+δk
ξk(s)− 1
s
ds
)
≤ 2ǫ
In particular, (3.21) holds for all r ∈ [0,∞) while the curvature of
ĝi0 is bounded by K̂. By [3, Lemma 3.1], we have
(3.22) gk(r, t) ≥
(
1
n
− 2nK̂ǫt
)
ĝi0(r)
on Cn × [0, 1
4n2K̂ǫ
) for all k ≥ k0. Note that gk(x, 0) → g0(x) uni-
formly on compact sets. By the proof of [3, Theorem 4.2], gk(x, t)
converges subsequentially uniformly on compact sets of M × [0, 1
4n2K̂ǫ
),
to a smooth solution of Ka¨hler-Ricci flow (1.1). Since ǫ > 0 was ar-
bitrarily chose, we conclude that the theorem is true by a diagonal
process. 
Remark 3.3. If ξ(r) ≤ 0 near infinity in Theorem 3.2, then the result
follows from [3, Th. 5.3].
In the above theorem we do not assume that g0 has bounded curva-
ture. However, even if g0 has bounded curvature the solution g(t) in
the above theorem may not have bounded curvature for t > 0, unlike
the result in Theorem 3.1.
4. Convergence
By Corollary 3.1, for any U(n)-invariant complete Ka¨hler metric g0
with nonnegative bisectional curvature, the Ka¨hler-Ricci flow with ini-
tial data g0 has a longtime U(n)-invariant solution equivalent to g0
with bounded nonnegative bisectional curvature. In this section we
discuss the convergence of such solutions. Again, we will make exten-
sive use of the notation and results in Theorem A.1 in the appendix
on U(n)-invariant Ka¨hler metrics g, their associated auxiliary func-
tions ξ, hξ, fξ, and the associated components A,B,C of the curvature
tensor. We also recall the notation in definition 1.1.
Theorem 4.1. Let g(t) be a complete longtime U(n)-invariant solu-
tion of the Ka¨hler-Ricci flow (1.1) with bounded non-negative bisec-
tional curvature, and assume g(0) also has bounded curvature. Then
g(t) converges, after rescaling at the origin, to the standard Euclidean
metric on Cn.
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In order to prove the theorem, we need the following lemmas.
Lemma 4.1. Let g(t) be as in Theorem 4.1. Suppose the curvature
of g(t) is uniformly bounded by c1, in D(R) × [0,∞), where D(R) =
{|z|2 < R}. Then there is a constant c2 depending only on c1 and R
such that
(4.1) h(r, t) ≤ h(0, t) ≤ c2h(r, t); f(r, t) ≤ f(0, t) ≤ c2f(r, t)
for all 0 < r < R and for all t.
Proof. By Remark A.2 and the fact that g(t) has nonnegative bisec-
tional curvature, we have h(0, t) ≥ h(r, t) and f(0, t) ≥ f(r, t) for all
r > 0. On the other hand, we have A(r, t), B(r, t), C(r, t) ≤ c1 in
D(R)× [0,∞) by hypothesis. Thus C = −2fr
f2
gives
1
f(r, t)
− 1
f(0, t)
≤ c1R
2
in D(R)× [0,∞), and by f(0, t) ≤ f(0, 0) = h(0, 0) = 1 we get
f(0, t) ≤
(
c1R
2
+ 1
)
f(r, t).
Also, A = ξr(r,t)
h(r,t)
≤ c1 gives
ξr(r, t) ≤ c1h(r, t) ≤ c1h(r, 0) ≤ c1h(0, 0) = c1
in D(R)× [0,∞), and thus ξ(r, t) ≤ c1r, giving
h(r, t) = h(0, t) exp
(∫ r
0
−ξ(s, t)
s
ds
)
≥ exp(−c1R)h(0, t).
This completes the proof of the lemma. 
Lemma 4.2. Let g(t) be as in Theorem 4.1. Then for any R > 0 the
curvature of g(t) is uniformly bounded in D(R)× [0,∞).
Proof. Let
k(z, ρ) =
1
V0(z, ρ)
∫
B0(z,ρ)
R(0)
be the average of the scalar curvature R(0) of g0 over the geodesic ball
B0(z, ρ) with respect to g0. Let
k(ρ) = sup
|z|≤1
k(z, ρ).
By [22, Theorem 7], there is a constant c1 such that
(4.2) k(ρ) ≤ c1
1 + ρ
.
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Suppose |z|2 = r, then the distance ρ(z) = ρ(r) from z to the origin
satisfies
(4.3) ρ(z) = ρ(r) =
1
2
∫ r
0
√
h√
s
ds ≥ c2 log r
for some constant c2 > 0 for all r ≥ 1. Let
F (z, t) = log
det(gi¯(z, t))
det(gi¯(z, 0))
and let m(ρ, t) = infz∈Cn,ρ(z)≤ρ F (z, t). Fix r0 > 1 and let ρ0 = ρ(r0).
Denote −m(ρ0, t) by η(t). By Lemmas 3.2 and 3.3, there exist positive
constants c3, c4 independent of t and ρ such that
η(t) ≤c4
[(
1 +
t(1−m(ρ+ ρ0, t))
ρ2
)
K(ρ)− tm(ρ+ ρ0, t)(1−m(ρ+ ρ0, t))
ρ2
]
≤c4
[(
1 +
t(1 + c1 + log r˜(ρ) + η(t))
ρ2
)
K(ρ)
+
t(c3 + log r˜(ρ) + η(t))(1 + c1 + log r˜(ρ) + η(t)
ρ2
]
where
K(ρ) =
∫ 2ρ
0
sk(s)ds
and r˜(ρ) is such that,
ρ+ ρ0 =
1
2
∫ r˜(ρ)
0
√
h√
s
ds.
By (4.2) and (4.3), there is a constant c5 independent of ρ and t, such
that
1 + η(t) ≤ c5
(
ρ+
t(1 + η(t))
ρ
+
t(1 + η(t))2
ρ2
+ t
)
.
Let ρ2 = 2c5t(1 + η(t)), then
1 + η(t) ≤ c6
(
t
1
2 (1 + η(t))
1
2 + t
)
for some constant c6 > 0 independent of t. From this we conclude that
η(t) ≤ c7(1 + t) for some constant c7 independent of t. Hence
−F (z, t) ≤ c7(1 + t)
for all z with |z|2 ≤ r0, which implies∫ 2t
t
R(z, s)ds ≤
∫ 2t
0
R(z, s)ds = −F (z, t) ≤ c7(1 + t).
22 Albert Chau, Ka-Fai Li and Luen-Fai Tam
On the other hand, by the Li-Yau-Hamilton inequality [2], sR(z, s) ≥
tR(z, t) for s ≥ t. Hence we have
R(z, t) ≤ c8
for all t and for all z with |z|2 ≤ r0. This completes the proof of the
lemma. 
Proof of Theorem 4.1. Let a(t) = h(0, t). We claim that the curvature
of a(t)−1g(z, t) converges to 0 uniformly on compact sets. Note that
a(t)−1g(x, t) has nonnegative bisectional curvature. Let R(z, t) be the
scalar curvature of g(t) at z ∈ Cn. Suppose first that limt→∞R(0, t) =
0. Then by the Li-Yau-Hamilton inequality [2], we conclude that
limt→∞R(z, t) = 0 uniform on compact sets. Since a(t) ≤ a(0) =
h(0, 0) = 1, the claim is true in this case.
Suppose on the other hand that there exist k → ∞ and c1 > 0
such that R(0, tk) ≥ c1 for all k. We may assume that tk+1 ≥ tk + 1.
By the Li-Yau-Hamilton inequality again, there is c2 > 0 such that
R(0, tk + s) ≥ c2 for all k and for all 0 ≤ s ≤ 1. Since the Ricci tensor
of g(t) at the origin is Ric = R
n
g, using the Ka¨hler-Ricci flow equation,
we have
h(0, tk+1) ≤ h(0, tk + 1) ≤ e−c3h(0, tk)
for some c3 > 0 for all k. Hence h(0, tk)→ 0 as k →∞. Since h(0, t) is
nonincreasing, we have limt→∞ a(t) = limt→∞ h(0, t) = 0. On the other
hand, the curvature of g(t) is uniformly bounded on compact sets by
Lemma 4.2. Thus our claim is true in this case as well.
Consider any sequence tk →∞. Let ak = h(0, tk) and let g˜k(x, t) =
1
ak
g(x, akt+ tk). Then g˜k(t) is a U(n)-invariant solution to the Ka¨hler-
Ricci flow on Cn × [− tk
ak
,∞). Note that −tk/ak ≤ −tk because ak ≤ 1.
By Lemmas 4.1, 4.2, for any R > 0, g˜k(x, 0) is uniformly equivalent
to the standard Euclidean metric ge on D(R) (with respect to k). By
the claim above and the Li-Yau-Hamilton inequality [2], the curvature
of the metrics g˜k(x, t) approach zero uniformly (with respect to k) on
compact subsets of Cn × (−∞, 0].
In particular, we conclude that g˜k(t) is uniformly equivalent to ge in
D(R) provided −1 ≤ t ≤ 0, and thus by [3, Theorem 2.2], we have for
any m ≥ 0, there is a c4 depending on R such that
|∇me g˜k(0)| ≤ c4
on D(R
2
), where ∇e is the derivative with respect to the standard Eu-
clidean metric. From this it is easy to conclude the subsequence con-
vergence of g˜k(0) uniformly and smoothly on compact subsets of C
n
to a flat U(n)-invariant Ka¨hler metric g∞, generated by some ξ∞ say.
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Since the curvature is zero, we have ξ′∞ ≡ 0 and thus ξ∞ ≡ 0. More-
over, at the origin (g∞)i¯ = δij . Hence h∞(0) = 1 which implies that
(g∞)i¯ = δij everywhere. From this the Theorem follows as tk was
chosen arbitrarily.

In some cases, we may remove the assumption that the metric is
U(n)-invariant.
Proposition 4.1. Let g0 be a U(n)-invariant complete Ka¨hler metric
on Cn with nonnegative bisectional curvature with maximum volume
growth (i.e. ξ → a < 1). Let G0 be another complete Ka¨hler metric
on Cn with bounded and nonnegative bisectional curvature. Suppose
G0 is uniformly equivalent to g0. Let G(t) be the long time solution of
the Ka¨hler-Ricci flow obtained in [16]. Then for any tk →∞ and any
fixed v ∈ T 1,0(Cn) at the origin with v 6= 0, there is a subsequence still
denoted by tk such that
1
G(tk)(v, v¯)
G(tk)
will converge uniformly and smoothly on compact set to a complete flat
metric on Cn.
Proof. By the proof of Theorem 4.1, for and r > 0, there is a constant
cr such that
c−1r ge ≤
1
g(tk)(v, v¯)
g(tk) ≤ crge
on |z|2 < r, where ge is the standard metric on Cn. By Lemma 4.3, we
see that
(c1cr)
−1ge ≤ 1
G(tk)(v, v¯)
G(tk) ≤ c1crge
on |z|2 < r, for some c1 > 0 independent of k and r. Also, by the results
in [16], the curvature of G(t) is uniformly bounded on Cn× [0,∞). The
argument for convergence is now similar to that in the proof of Theorem
4.1.

Lemma 4.3. Let g0 and G0 be complete Ka¨hler metrics on M with
bounded nonnegative bisectional curvature and maximum volume growth.
Let g(t), G(t) be the long time solutions of the Ka¨hler-Ricci flow (1.1)
with initial data g0, G0 respectively as obtained in [16]. If g0 and G0
are equivalent, then there exist c > 0 such that for all t > 0
cg(t) ≤ G(t) ≤ c−1g(t).
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Proof. Let Rg(x, t), and RG(x, t) be the scalar curvatures of g(t) and
G(t) at x respectively. By a result of Ni, Rg(·, 0) and RG(·, 0) decay
like r−2 on average uniformly at all points, and by [16], g(t) and G(t)
exist for all time and there is c1 > 0 such that for all x, t
(4.4) tRg(x, t), tRG(x, t) ≤ c1.
By assumption, there is c2 > 0 such that
c2g0 ≤ G(0) ≤ c−12 g0.
Since g(t) and G(t) is nonincreasing, we have
G(0) ≥ c2g(t), g(0) ≥ c2G(t),
for all t. Fix t0 > 0. The bisectional curvature of g(t0), G(t0) are
bounded above by c3t
−1
0 for some c3 independent of t0. By [3, Lemma
3.1], there exists a constant c4 independent of t0, t such that for all
t > 0,
G(t) ≥ c2
(
1
n
− c4t−10 t
)
g(t0),
and hence
G(
1
2nc4
t0) ≥ c2
2n
g(t0).
On the other hand, by the Ka¨hler-Ricci flow equation and (4.4), we
have
G(t0) ≥ c5G( 1
2nc4
t0)
for some c5 > 0 independent of t0. Hence we have
G(t0) ≥ c6g(t0)
for some c6 > 0 independent of t0. Similarly, one can also prove that
g(t0) ≥ cG(t0) for some c > 0 independent of t0. From this the lemma
follows.

Appendix A.
In this appendix, we collect some basic facts for U(n)-invariant Ka¨hler
metrics on Cn.
Theorem A.1. (a) ([Wu-Zheng] [22]) Every smooth U(n) invari-
ant Ka¨hler metric g is generated by a function ξ : [0,∞) → R
with ξ(0) = 0 such that if
hξ(r) := Ce
∫ r
0 −
ξ(s)
s
ds; fξ(r) :=
1
r
∫ r
0
hξ(s)ds
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where hξ(0) = C > 0 and fξ(0) = hξ(0), where r = |z|2, then
gij¯ = fξ(r)δij + f
′
ξ(r)zizj .
where gij¯ are the components of g in the standard coordinates
z = (z1, . . . , zn) on C
n. Moreover g is complete if and only if∫ ∞
0
√
hξ(s)√
s
ds =∞.
(b) ([Wu-Zheng] [22]) Let h = hξ, f = fξ. At the point z =
(z1, 0, . . . , 0), relative to the orthonormal frame e1 =
1√
h
∂z1 , ei =
1√
f
∂zi , i ≥ 2, with respect to g, the curvature tensors A =
R11¯11¯ =
ξ′
h
, B = R11¯i¯i =
1
(rf(r))2
∫ r
0
ξ′(s)
(∫ t
0
G(s)ds
)
dt, C =
Ri¯ii¯i = 2Ri¯ijj¯ =
2
(rf(r))2
∫ r
0
G(s)ξ(s)dt, where 2 ≤ i 6= j ≤ n and
these are the only non-zero components of the curvature tensor
at z except those obtained from A,B or C by the symmetric
properties of R.
(c) ([Wu-Zheng] [22], Yang [23]) g has positive (nonnegative)
bisectional curvature if and only if ξ′ > 0 (ξ′ ≥ 0). In par-
ticular, g has nonnegative bisectional curvature and complete,
then ξ ≤ 1.
(d) ([3]) A complete U(n)-invariant Ka¨hler metric generated by ξ
on Cn has bounded curvature if and only if | ξ′
hξ
| is uniformly
bounded.
Remark A.1. By the proof of [22, 23], it is easy to see that similar to
(b) in the above theorem, g has nonpositive bisectional curvature if
and only if ξ′ ≤ 0.
Remark A.2. If g1 and g2 are two smooth U(n) invariant Ka¨hler metrics
on Cn generated by ξ1, ξ2 respectively, and if the corresponding func-
tions hξ1 , hξ2 satisfy hξ1 ≥ hξ2 , then g1 ≥ g2. Conversely, if g1 ≥ g2,
then hξ1 ≥ hξ2 . This can be seen by comparing the metrics at the
points (a, 0, . . . , 0).
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